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Abstract. We study the Cauchy problem for the semi-linear damped wave equation 

uu — Aw + 6(t)ut = /(«), u(0,x) = uo(x), u t {0,x) = u\{x), 

in any space dimension n > 1. We assume that the time-dependent damping term b(t) > is effec- 
tive, in particular tb(t) — > oo as t — v oo. We prove the global existence of small energy data solutions 
for ~ \u\ p in the supercritical case p > 1 + 2/n and p < n/(n — 2) for n > 3. 



We consider the Cauchy problem for the dissipative semi-linear equation 

'utt ~ Au + b(t)u t = f(u), t>0, xeR n , 

u(0,x) = u (x), (1) 
u t (0,x) = ui(x), 

where the time-dependent damping term b(t) > is effective, in particular tb(t) — > oo as t — > oo, and 
the nonlinear term satisfies 

/(0)=0, \f(u)~f(v)\<\u-v\(\u\ + \v\y-\ (2) 

for a given p > 1. Our aim is to establish the existence of C([0, oo), H 1 ) n C 1 ([0, oo), L 2 ) solutions 
of |T]) assuming small initial data in the energy space H 1 x L 2 or in some weighted energy spaces. 
Clearly this will require suitable assumptions on b(t) and on the exponent p in ([2|). In Section [T] we first 
present some results related to the the semi-linear wave equation with a constant damping term. We 
refer the interested reader to |ITY[ INlOj and to the quoted references for the damped wave equation 
with x-dependent damping term b(x)ut- In Section [5] we state our main theorems and some auxiliary 
results. 

1. The classical semi-linear damped wave equation 
Many papers concern with the classical semi- linear damped wave equation, i.e. with the case 6=1: 

u tt -Au + u t = f(u), 

u(0,x) = u (x), (3) 
u t (0,x) = u\(x). 

For the sake of clarity we put 

2 n 

PGn( n ) = H o = o' for n > 3, 

n — 2 n — 2 

2 

PFuj(^) = 1 + — , for n > 1. 

As stated in |NO| . for initial data (uq, Ui) € H 1 x L 2 with compact support in Bk (0), and p < pgn(«0 
if n > 3, the problem ([3]) admits a unique local solution u G C([0, T m ), 7J 1 ) n C 1 ([0, T m ), L 2 ) for some 
maximal existence time T m g (0, +oo] and for any i < T m it holds suppw(<, •) C BK+t(0)- 
One of the first results on global existence theory has been given in |NOj establishing global existence 
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for small data by using the technique of potential well and modified potential well. Let W C H 1 be 
the interior of the set 

{ueH 1 : \\Vu\\l 2 > Wuf+l}. 

In particular, by assuming (uq,Ui) G W x L 2 the authors remove the compactness assumption on the 
support of the data and they prove the local existence of the solution, provided that p < (n + 2)/(n — 2) 
if n > 3 (Theorem 1 in [NO]). In Theorem 3 of the same paper, they prove the global existence, provided 
that the data in W x L 2 satisfies energy smallness assumptions and the exponent satisfies p > 1 + 4/n 
with p < (n+2)/(n— 2) if n > 3 (we remark that this set is not empty) . In such a case, the energy of the 
solution to satisfies the same decay estimates of the linear equation, i.e. \\u t (t, -)||^ 2 + || Vu(t, Olliz < 
C(l + t)-\ 

Assuming compactly supported data (uq, u{) G H 1 x L 2 pointwisc sufficiently small, a global existence 
result for p > pFuj{n), and p < pgn(") if n > 3, has been proved in |TYj (we remark that this set 
is never empty). The approach followed in |TY] makes use of the Matsumura estimates [M] for the 
solution to the Cauchy problem for the classical damped linear wave equation 

Utt — Am + u t — 0, w(0, x) — uq(x), it t (0, x) = Ux(x). (4) 

In order to state these estimates we define 

A m , k := (L m n H k ) x (L m n H*- 1 ), (5) 

ll( u . u )IU,„, t : = !Mk m + IMIff« + IklU™' + (6) 

for m G [1, 2) and k E N. If (uq, ui) G A m .i for some m G [1, 2), then the solution to satisfies 

IKV)IU* <c(i + t)-t^-^||( Uo , Wl )|u mi0 , 
l|Vu(t,-)|| L2 <c(i + t)-f^-^-^||K, M i)|U ml , (7) 
ll«*(*,0IU=> < <7(i + *)-9C*-4)-i||( Uo>ttl )|| iAmti . 

Since in |TY| the data (uo,tti) G i? 1 x L 2 has compact support, the authors apply Matsumura's 
estimates for m = 1. Moreover, they find that the energy of the solution to © satisfies (|7|) for m = 1 
and they prove a blow-up result in finite time if p < ppuj(n), provided that /(it) = and that 
/ R „ itj(x) dx > for j = 0, 1. The same result is obtained in |Z01j for the case p = PFuj(^)- 
We remark that the exponent pF U j(n) is the Fujita's one, the same which guarantees the existence of 
a non-negative classical global solution to the semi-linear heat equation 

Ut — Au = u p , u(0,x) = uq(x), 

provided that uq > is sufficiently smooth. The Fujita exponent is sharp, that is, if p < pp u j(n), the 
semi-linear heat equation does not admit any global regular solution (see [Fuj ) . 

Coming back to the global existence theory for the semi-linear classical damped wave equation, the 
condition on the compact support of the data has been relaxed in |ITj by assuming small data in a 
suitable weighted Sobolev space: 

I 2 ■= I eN 2 / 2 (K| 2 + |V Mo | 2 + Kl 2 ) dx < e 2 . (8) 

Condition © implies that (u , ui) G (W 1 * 1 n H 1 ) x (L 1 n L 2 ) C A\ % \, therefore in [IT] the authors can 
use Matsumura's estimates ([7]) for m = 1. 

Furthermore, in |IMN] the authors show that the smallness in weighted Sobolev spaces or compactly 
supported data can be avoided assuming smallness in Ai t i and the critical exponent remains pF U j(n) 
for n = 1,2. Since their technique requires p > 2, the authors obtain global existence only for 
2 < p < 3 = pgn(3) if n = 3 (we remark that pf U j(3) = l + 2/3<2). In jlO] this result is extended to 
initial data in A m ,i for m G (1,2). 

In this paper, we are going to follow the approach in [IMNL HQl UT] . In particular we are going to use 
some Matsumura-type estimates for the linear wave equation with time-dependent effective damping, 
derived by J. Wirth |W07] . In order to do this, we are going to extend these estimates to a family of 
Cauchy problems with initial time as parameter. 
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(9) 



We remark that the Cauchy problem for the classical wave equation (i.e. b = 1) is independent of 
translation in time, since the coefficients of the equation do not depend on t and hence Duhamel's 
principle easily applies, whereas for a non-constant b = b(t) the situation is more complicated. 

2. Main Results 

In order to present our results we fix the class of effective damping terms b(t) which are of interest 
in the further discussions. 

Hypothesis 1. We make the following assumptions on the damping term b(t): 

(i) b(t) > for any t > 0, 

(ii) b{t) is monotone, and tb{t) — > oo as t — > oo. 
(hi) ((1 + i) 2 b{t))~ l e L 1 ([0,oo)), 

(iv) b e C 3 and 

\b^(t)\ < 1_ 

b{t) ~ (1 + t) k ' 
for any k = 1,2, 3, 

(v) l/b?LK 

The damping term b(t) is effective according to jW05llW07| . 
Definition 1. Wc denote by B(t, 0) the primitive of l/b(t) which vanishes at t = 0, that is, 

Thanks to conditions (0) and (jvj) in Hypothesis [TJ B(t, 0) is a positive, strictly increasing function, 
and B(t, 0) — > +oo as t — > oo. 

Let us consider the Cauchy problem for the linear damped wave equation: 

itft - Au + b(t)u t = 0, 

it(0, x) = w (a;), (11) 
k itt(0,x) = Mi(x). 

In 2005, J. Wirth derived Matsumura-type estimates for the solution to ([TT|) (see Theorem 5.5 in jW05 
and Theorem 26 in |W07] ). 

Theorem A. If Hypothesis^ is satisfied and (uq,u\) € ^4. TO ,i /or 5o?ne m G [1,2], i/*en tte solution to 
the Cauchy problem (TTTJ) satisfies the following decay estimates: 

|Kt ) .)IU»<C(l + S(t > 0))-*^-^||(« ,«i)||^ m ,o, (12) 
||V^ J -)||L=<C(l + S(t J 0))-t(^-l)-3||(u ,u 1 )||^ milJ (13) 

||u t (t,-)IU=i<Cf(6(*))- 1 (l + S(t,0))-9^-^- 1 ||(uo,ui)||^ m , I . (14) 

In order to prove our results for semi-linear damped wave equations we need a further assumption 
on b(t) in the case of increasing b(t) . 

Hypothesis 2. Let b € C 1 ([0,oo)), b{t) > 0. We assume that there exists a constant m € [0, 1) such 
that 

tb'{t) < mb{t), t > 0. (15) 

Remark 1. Wc recall that if b(t) is as in Hypothesis \T\ then it is either increasing or decreasing. If b(t) 
is decreasing, then (TT5|) holds for m = 0. On the other hand, if b(t) is increasing, condition (TT5|) is 
stronger than the upper bound of ([9]) for fc = 1. 

Our first result is based on a generalization of the ideas in [IT] . 
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Notation 1. Given p : R™ — > [0, oo), we say that / 6 L q (p) for some q £ [1, oo] if p/ € £ 9 . Similarly, 
for any / <G £ 2 (/o) such that V/ <E L 2 (p) we write / e H 1 (p). 
It is easy to see that ff 1 ^) ^ if 1 if p > and l/p€ 

Since in this paper we will work with exponential weight functions, for the sake of brevity we will 
denote L«(e 9 ) as L\ and H x (e a ) as H] for any g : M" -> M. 

We assume that the initial data of (UJ is small in -ff^up x L 2 a ^ 2 for some a € (0, 1/4]. We put 

e^duo^p + lVuo^^ + l^^)! 2 )^ (16) 



Theorem 1. Let n > 1 and p > PFuj(^)- Moreover, let p < pgn(^) */ M > 3- 01 £ (0, 1/4]. TTien 
t/iere exists 6q > smc/j i/iai ; i/ J a < eo, where I a is introduced in (|16[) . £/ien t/iere exists a unique 
solution to (P m C([0, oo), i? 1 ) nC^O,^),! 2 ). 

Moreover, there exists a constant C > suc/i £/ia£ i/ie solution satisfies the decay estimates 

\\u(t,-)\\ L *<CI a (l + B(t,0))-i, (17) 

||Vw(*,-)IU= < CJ a (l+.B(t,0))-*-*, (18) 
||«t(t,-)IU» < C/«(l + B(t,0))-T(i + t)-i. (19) 

Finally, the wave energy is uniformly bounded in the family of weighted spaces >, where 
namely, 

eorwhm (|Vu(t,x)| 2 + \ut{t,x)\ 2 ) dx < CI*, t > 0. 

We notice that ip(0,x) = a\x\ 2 gives the weight at t = 0. 
The decay estimates (|T7)) - (fT5)) - (fT51) for the solution of the semi-linear problem ([T]) correspond to the 
decay estimates (fT2"ft - ([T3"]) - ([T4"l) . with to = 1, for the solution of the linear problem (fTTj) . In particular, 
the decay factor (1 + t)^ 1 in (fT9)l is equivalent to (6(t))^ 1 (l + B(t,0)) _1 in ([T4]) . as we shall see in 
Remark [TT1 

Now let us assume (u , Ui) £ Ai.i (see We follow the approach in |IOj to gain a global existence 
result for this larger class of data. This goal will restrict our range of admissible n and p. 

Theorem 2. Let n < 4 and let : 

P>PFuj(n) if n= 1,2, 

2<p<3 = p GN (3) ifn = i, (21) 

^ = 2=pgn(4) ifn = 4. 

Let (uq,ui) e ^4.1,1- Then, there exists eo > swc/i that, if 

||(«0j«i)|Ui,i < eo, 

then there exists a unique solution to ([1]) in C([0, oo), H 1 ) n C 1 ([0, oo), L 2 ). Moreover, there exists a 
constant C > sitc/i that the solution satisfies the decay estimates 

\\u(t,-)\\ L 2 <C||(uo > ui)|U, 1 (l + fl(*,0))-4 J (22) 

||Vn(V)IU= ^CIKuo.uOlU,! (l + B(t,0))-2-i, (23) 

||«t(*,-)IU> <C\\(u , Ul )\\ Al:1 (1 + B(t,0))-*(1+*)- 1 . (24) 

As in Theorem [T] the solutions to the semi-linear Cauchy problem ((TJ) and to the linear one (|lll) 
have the same decay rate. 
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Remark 2. Since we are interested in energy solutions in Theorem [5] the restriction p > 2 appears in 
a natural way. In both Theorems [1] and [2] the Fujita exponent p-p u j(n) appears as a lower bound of 
admissible exponents p. The optimality of this bound follows from the result in Section 12.31 

2.1. Examples. 

Example 1. Let us choose 

b(t) = - — ^— for some fj, > and k £ (-1, 1). (25) 
(1 + t) K 

Being n £ (-1,1), Hypothesis [U holds. Indeed tb(t) « (l + i) 1 " K and (1 + i) 2 6(t) w (l+t) 2 " K as < ->• oo, 

so that l/b L 1 and ((1 + t) 2 &(t))- 1 G L 1 . 

Hypothesis |U holds since (|15p is satisfied for m = max{— k,0}. 

We observe that 1 + B(t, 0) « (1 + i) 1+K . Therefore we can apply Theorems Q] and [5] with I a = e 
and ||(uoj«i)|Ui,i = e, respectively. The decay in ([I? |) -([T8 ]) -([T9 |) or in ([2"2 ]) -([23" |) -([2l )) can be rewritten 
as 

\\u(t,-)\\ L * <Ce(l + t)-<- 1+ ^, 
\\Vu(t,-)\\ L2 <Ce(l + t)-( 1+K ^+^, 

IK(t,-)IU» <Cc(l + *)~ (1+ ' s) *- 1 . 
In particular, for k = we have a constant coefficient in the damping term and we cover the results 
described in Section [TJ 

Example 2. Let us multiply the function b(t) in (|25[) by a logarithmic positive power. We consider the 
following coefficient b(t) in the damping term: 

bit) = . M . (log(c + t)) 7 for some /i>0, 7 >0, and KG (-1,11, (26) 
(1 + i) K 

where c = c(fc, 7) > 1 is a suitably large positive constant. 

It is easy to check that conditions (0)-(|iv|)-(jv)) in Hypothesis Q] hold and that tb(t) —> +00 as t —> 00. 
Moreover, condition Jm} in Hypothesis [1] holds for any 7 > if k G (— 1, 1) and for any 7 > 1 if k = 1, 
since 

((1 + t)2&(t)rl %4l + t) 2 -4og(c + ^ - 
For k = the assumption (JTTJ) in Hypothesis Q] is satisfied. Let k £ (-1,1], k / 0. If we explicitly 
compute b'(t), then we derive 

"'(') = - TTTW*^ + '» 7 + (i + g% + i) + "> 7 " 
- I r T ^''°^ + '»K- K + (cXg('i + o )' 



therefore we get 



b'(t) 



(TrW (l0g(c+t)rR! r^ 



provided that c = c(k, 7) > eT^. We proved that b(t) is monotone and this concludes the proof of 
Hypothesis [1] 

If k £ (0,1], then Hypothesis [5] holds since b(t) is decreasing. If k G (—1,0], then (fl"5j) is satisfied 
for c > e 1 +* . In facts 



b(t) l + t\ (c + t) log(c + i) 7 log c 

In particular, in correspondence with n = 0, we have 

*&'(*) = *7 7 t 

(c + i)log(c+i) logc 
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Example 3. Analogously to Example [5] we can multiply the function b(t) in (|25l) by a logarithmic 
negative power, namely, we can consider the coefficient 

& (*)= (i + t )"(log(c + t))7 fOTSOme ^>0,7>0and K e (-1,1), (27) 

where c = c(k, 7) > 1 is a suitably large positive constant. It is easy to check that Hypotheses [T] and [2] 
are satisfied if c = c(k, 7) > 1 is sufficiently large. 

Example 4. We can also consider iteration of logarithmic functions, eventually with different powers, 
like 

m = (TT^ (l0g(ci + (log(c2 + t )) 72 )) 71 ' 

b(t) = (if^Oogfa + ( lQ S( c 2 + (log(c 3 + • • .))) 73 )) 72 ) 71 - 

2.2. A special class of effective damping. In [Nllj and |LNZj the authors studied damping terms 
with time-dependent coefficient (|2l)|) . They can obtain the following results: 

Theorem B. Let p > PFuj(n) and p < (n + 2)/(n - 2) ifn>3. Let b(t) = fj,(l + for k £ (— 1, 1) 
and n > 0. Let (uo,Ui) £ H 1 x L 2 , compactly supported. 
Then, there exists eo > such that, if 

e ii ^^# (\u (x)\ p+1 + \Vu (x)\ 2 + \ Ul {x)\ 2 ) dx < e 2 (28) 

for an arbitrarily small S > and for some e £ (0, eo], then there exists a unique solution u £ 
C([0,oo),H 1 )nC 1 ([0,oo),L 2 ) to in to/weft satisfies 

\\u(t,-)h> <C( ( 5)e(l + i))- Ii ^ i+ 4, (29) 

||v M (t,-)ll^ + IhfcOlU' < c(g) e (i + t)- (1+ " ) i" +2) +§ (30) 

/or a small constant e = e(S) > and large constant C(6) with e(5) — > and C(8) — > 00 as 6 — > 0. 

Moreover, in LNZ] the authors establish that there does not exist any global solution u £ C([0, 00), i? 1 )!"! 
C 1 ([0, 00), L 2 ) in the case f(u) = \u\ p with 1 < p < p-p u j(n) and initial data such that 

Ui(x) + b\uo(x)dx > with b^ 1 = / exp I — / b(s)ds I (it. 







We remark that in (|28[) the exponents p and k come into play. 
Recalling Notation [TJ for some (3 > 0, q > 1 and AT > 0, we put 



/3,g,K = {(uo,Wl) € (-ff^p/a n^| l|2/? ) X | SU PP (w , "l) C Blf(0)} , 

= ^|x| 2 /2 X ^|x| 2 /2- 

Let P(k,6) := (1 + /c)/(2(2 + (5)). After fixing a small <5 > the space of initial data in Theorem IB1 is 
given by 

(J D P(k,S), P +X,K, 
K>0 

whereas the space of initial data in Theorem [1] is Z?2a for some a £ (0, 1/4]. 
Since f3(n, S) < 1/2, we observe that for any 6 > 0, p > 1 and k < 1 we have 

-D /3(k,5), P +1,X C Dp( Kt g) t 2 iK C D X I2.1,K £ -Dl/2 C I?2a £ "4.1,1 > (31) 

for any K > and a £ (0, 1/4]. Hence the class of admissible small data in jLNZj is strictly contained 
in the class of admissible small data in Theorem [1] In particular, 

• we do not assume compactly supported initial data; 

• in Theorem[T]we do not choose uq from a weighted L p+1 space but from a weighted L 2 space; 
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• the space with weight e^^ K ' s ^ x ^ is properly contained in D 1 / 2 , the space in Theorem Q] corre- 
sponding to a = 1/4; 

• in Theorem [5] we enlarge the class of initial data to A\\. 

We can enlarge the class of initial data, since we use Matsumura's type estimates which are avoided 
in [LNZj . This technique has other advantages. First of all we can consider more general b(t), not only 
the ones that growth like t K (see Examples [5] and G2 and Hypothesis 2] in Section [7]). 
Moreover, if (uo,u%) G Dp( K ,s), P +i,K f° r some K > 0, then applying Theorem IB"! we know that there 
exists 6q > such that for any e € (0, eo) the solution corresponding to data (euo,ewi) exists globally 
in time. Here eo > depends on uq,u\ and K. Due to (|31|) these data can be used in Theorem [T] and 
Theorem [2j but the corresponding eo > depends only on (uo,Ui). Finally, in the decay estimates for 
the solution u and the energy (Wu,Ut), an e/2 loss of decay appears in Theorem IB1 on the contrary, 
in Theorem [1] and Theorem [5] we have optimal decay rates. 



2.3. Optimality. The sharpness of the Fujita exponent pFuj in Theorems Q] and [5] is of special inter- 
est. This question was discussed by Y. Wakasugi from Osaka University and the first author during 
scientific stays at TU Bergakadcmic Freiberg. In the following we present only the result. Details of 
the proof will be included in a forthcoming paper. 

If f(u) = \u\ p with 1 < p < ppuj blow-up phenomena appear for (TTJ). This result can be proved by 
using, as in [LNZj , the transformation of the equation into divergence form and a modification of test 
function method developed by Qi. S. Zhang in |Z01j . 
We make the following assumptions on b(t). 

Hypothesis 3. Let b(t) satisfy (0) and (jvj) in Hypothesis [TJ that is, b(t) > and 1/b ^ L 1 . Moreover, 
we assume that b G C 2 and that 

\b'{t)\ < Cb 2 (t) (32) 



together with 

li sL nf ^|>- 1 - ( 33 ) 

We remark that Hypothesis [3] is weaker than Hypothesis [TJ 
Theorem C. Let us assume Hypotheses^ and [3] and let p < ppuj(n). Then the function 

0(t) := cxp f- j 6(r) oIt 

is in L}(0, oo) and there exists no global solution u G C 2 ([0, oo) x W 1 ) to ^ with f(u) = \u\ p for initial 
data (mq,mi) G C^ 3 (M n ) satisfying 



(uq(x) + biui(x))dx > 0, (34) 



where h := II^H^o.oc.)- 



Example 5. Let us consider b(t) = +t) K as in (|25|) in Example [T] for some K G (—1, 1] and fi > 0. 
Then Hypothesis [3] holds provided that n > 1 if k = 1 . 

Let b be as in fl5BJ in Example^ that is, b(t) = fi(l + i)" K (log(c + t)) 7 . Then Hypothesis [3] holds for 
any /i>0,k£ (— 1, 1],7 > with a suitable constant c. Analogously, we can prove Hypothesis [3] if b 
is chosen as in Examples [3] and HJ 
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3. Linear decay estimates 

In order to prove Theorems Q] and [2] we have to extend the decay estimates (fL^ - ([T3"l) - (fT4"]) given 
by J. Wirth for the Cauchy problem (fTTj) to a family of parameter-dependent Cauchy problems with 
initial data (0, g(s, x)) for some function g. 

Let s > be a parameter. We consider the following Cauchy problem in [s, oo) x IR n : 

v t t - Aw + b(t)v t = 0, te[s,oo), 

v{s,x) = 0, (35) 
v t (s,x) = g(s,x). 
It is clear that we have to extend Definition [1] 

Definition 2. We denote by B(t, s) the primitive of l/b(i) which vanishes at t = s, that is, 

fl (*> s ) = J b^j dT = B ^ °) ~ B ^ °)" ( 36 ) 

Then we have the following result: 

Theorem 3. Let b(t) satisfy Hypothesis [1] and let g(s, •) € L m n L 2 for some m € [1, 2]. XTien i/ie 
solution v(t,x) to (|35[) satisfies the following Matsumura-type decay estimates: 

\\v(t,-)\\ L 2 <C(b(s))-\l + B(t,s))-^-^\\g( S ,-)\\ LmnL z, (37) 
||V«(t,.)|| £a < C(6( S ))- 1 (l + S(*,s))-' ( ^-' ) -'|| 5 (s,-)IU-ni=', (38) 
||«t(t, -)\\v> < C(&( S ))- 1 (6(t))" 1 (l + B(t,s))-« OlU-nf. (39) 
We remark that the constant C > does raoi depend on s. 

We remark that Hypothesis [5] does not come into play in Theorem [31 

3.1. Application of Duhamel's principle to the semi-linear problem. Let us denote by Ei(t, s, x) 
the fundamental solution to the linear homogeneous problem (|35[) . in particular 

Ei(s, s,x) = and dtEi(s, s, x) = 6 X , 

where S x is the Dirac distribution in the x variable. Here the symbol *r x \ denotes the convolution with 
respect to the x variable. By Duhamel's principle we get 

u nl (t,x)= [ E 1 (t,s,x)* (x) f(u(s,x))ds (40) 
Jo 

as the solution to the inhomogeneous problem 

'u#- Au» l + b(t)u? = f(u(t,x)), t g [0,oo), 

u al (0,x) = 0, (41) 
uf(0,x) = 0. 

Let u lin (i,x) be the solution to <jTTJ). Then 

u lin {t,x) = B (t,0,a;) * (!e) u (x) +E 1 (t,0,x) * (x) Ul (x), (42) 

where 0, a;) is as above, and by i?o(^ 0, x) we denote the fundamental solution of the homogeneous 
Cauchy problem (fTT]) with initial data (S x ,0), that is 

S (0,0,x) = S x and d t £ (0, 0, x) = 0. 

Now the solution to (JlJ can be written in the form 

u(t,x) = u lin (t,x) +u nl (t,x) 

= E (t,0,x) * (a .) u (x) +E 1 (t,0,x) *( x ) ui(x) + / Ei(t,s,x) * (a .) f(u(s, x)) ds. (43) 

Jo 
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3.2. Properties of B(t, s). In the proof of Theorems [1] and [2] we will make use of some properties of 
the function B(t,s) which follow from Hypothesis [2] for the coefficient b(t). 

Remark 3. If (fT5|) holds, then it follows that the function t/b(t) is increasing and 

( t Y b(t)-tb'(t) . . 1 

Moreover, since \b'{t)\/b(t) < M/(l + t) for some M > (see ©), we derive 

t Y_ 5 W < ! + M 



In particular, for any s G [0,t] we can derive 



1 , t s 



B ^-i W) dT ~wj-wy (44) 



Remark 4. By integrating (|15|) over [s, i] we derive 



6(t) /t\ 

< - lor any s > and i > s, 



that is, for any A € (0, 1] and for any t G [0, oo), it holds 

b(Xt) > X m b(t). (45) 

We remark that, in particular, b(t) < t m b(l) for t > 1. Therefore Hypothesis [5] implies (jvj) in Hypoth- 
esis [TJ since m € [0, 1). 

Remark 5. Thanks to ([S]) for k = 1 there exists a constant M > such that 

6'(i) M M 

ttt- > > , t > 0. 46) 

b(t) ~ 1 + 1 - t ' v ' 

It is clear that if b(t) is increasing, then we can take M = 0. 
By integrating ([4"B"f over [s,f] we derive 

6ft) /' / \ 

> I - J for any s > and t > s, 



b(s) 

that is, for any A € (0, 1] and for any t £ [0, oo) it holds 

b(Xt) < \- M b(t). (47) 
Properties P5| - (j4T)) play a fundamental role in the next estimates. 
Remark 6. Conditions (|45l) - (jT?| guarantee that for any fixed A € (0, 1) we have 

6(s) «&(*), se[A£,i]. (48) 
Indeed, let Ai := s/t. Then Ai 6 [A, 1]. Hence, we get 

A m 6(i) < Af 6(t) < 6(s) < \^ M b{t) < \- M b(t) 

from (|4"5>(|4"7)) . 

Remark 7. By using p^|) and its consequences P4]l and (|4"5"j) we can prove that for any fixed A € (0, 1) 
it holds 

t Xt t X 1 ~ m t t 

Bit, 0) > B(t, Xt) w — - — T > — — — = 5— T w Bit, 0), 

v ' ~ K ' b{t) b(Xt) ~ b(t) b(t) b(t) v ' 

where we put 8 = 1 — A 1_m > since A <G (0, 1) and m £ [0, 1). Therefore, 

C x , m Bit, 0) < B(t, Xt) < B{t, 0) for A G (0, 1). (49) 
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Remark 8. By using (|44"|) and (|4"T)) we can prove that for any fixed A € (0, 1) it holds 

ij(At,0)«-^->A 1+M -!-, 
v ' ; b(Xt) ~ b(t)' 

and, consequently, 

C x , M B(t, 0) < B(Xt, 0) < B(t, 0) for A G (0, 1). (50) 
Remark 9. By splitting the interval [0,i] into [0, i/2] and [t/2,t] and by using ((511)) we can derive 

B(a,0)«B(t,0), iG[t/2,(], (51) 

whereas by using (|4U)) we get 

J9(t,s)« J9(t,0), se[0,i/2]. (52) 
Remark 10. By using Taylor-Lagrange's theorem (with center i) and (|4"5]l with A = 1/2 we obtain 

se[</M - (53) 

Indeed 6(s) w b(r) « for any r G [s,i] C [t/2, i] , thanks to (gSJ), and 

t — s 

B(t,s) = B(t,t) + (s - t)d s B(t,r) =0+—— for some r e [s,t]. 

b(r) 

Remark 11. We observe that 

b(t)(l + B(t, 0)) « 1 + b(t)B(t, 0) « 1 + 1. 



Thanks to (|44[) it suffices to prove only the first equivalence. 

Since b(t) > for any t > 0, the equivalence holds on compact intervals. It remains to observe that 
the behavior of the two objects is described in both cases by b(t)B(t, 0) for t — > oo. 

Indeed, since B(t, 0) — > oo (we recall that 1/6 ^ L 1 ), it follows 1 + B(t,0) rj B(t,0), therefore 
6(t)(l + B(t,0)) w b(t)B(t,0). On the other hand, applying once more it follows b(t)B(t,0) > 

Ct -> oo. Therefore 1 + b{t)B{t, 0) w b{t)B{t, 0). 

4. Proof of Theorem Q] 

4.1. Local existence in weighted energy space. We have the following local existence result in 
weighted energy spaces. 

Lemma 1. Let b(t) > 0. Let 1 < p < pgn(^)- -^e^ V 1 € C 1 ([0,oo) x K n ) smc/i i/iai /or any t > and 
a.e. x € R™ one has 

4>(t,x)>o, 

^>t{t,x) < 0, 

&(*)lM*>aO + IW(t > a:)| 2 <0 J (54) 
Aip(t,x) > 0, 

inf xeR n AV»(t, a;) = > 0. 

For any (uq,ui) G H l (e^(°' x ') x L 2 (e^ 0,:!: )) i/iere exists a maximal existence time T m G (0, oo] such 
that (|T|) has a unique solution u G C([0, T m ), iJ 1 ) n C 1 ([0, T m ), L 2 ). Moreover, {or any T < T m it holds 

sup He^-'ufr -)IU- + ||e^^-V«(t, -)IU' + We^Wt, < oo. 

[0,T] 

Finally, if T m < oo, then 

limsupHe^VvJIU* +\\e^Vu(t,-)\\ L2 +\\e^u t (t,-)\\ L 2 = oo. (55) 

t->T m 

The proof follows the same lines of the Appendix of [IT] . We underline that the local existence 
result does not require Hypotheses [1] or [5] 
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4.2. Energy estimates in weighted energy space. Let us observe that the function ip(t,x) given 
in ([20)1 satisfies ([54"]) since a £ (0, 1/4]. Therefore the local existence result is applicable. Indeed 

verifies 

a\x\ 2 „ , 2ax . , 2na 



(1 + B(t,0)) 2 b(ty 1 + B(t,0)' 1 + 5(4,0)' 

together with the fundamental property 

>Wf, + |V^ = - °" + - g ^; <0 (50, 

since a € (0, 1/4]. We underline that for a = 1/4 the equation b(t)ip t + |VV>| 2 = is related to the 
symbol of the linear parabolic equation b(t)u t — Am = 0, that is, we have in mind the parabolic effect 
when we introduce the weight e^^ t,x \ 

Lemma 2. Let us assume that (uq, ui) G -^(o x ) x ^4>(o x)> an( ^ ^ 7 = 2/(p+ 1) + £ for some e > 0. 
If u = u(t,x) is a local solution to the equation in (fT]) in [0, T), f/ien /or anj/ i € [0,T) i/ie following 
energy estimate holds: 

E(t)<Cll + ClP +1 +cJsup(l + B( S ,0)y\\e^ s ^u(s r )\\ LP+1 ) , (57) 



ro,t] 



wii/i I Q gu>en 6?/ (fT5|) and 



S(*):=J / e 20 ^(| Mt (t,x)| 2 + |V U (t,x)| 2 )dx. 



Proof. First we prove that 

Straight-forward calculations gives the following relation 
d t (^(\u t \ 2 + \Vu\ 2 -F(u)) 

= V • (e 2 ^u t Vu) + ^\u t \ 2 + — \u t Vip - ^ t Vu\ 2 - —u 2 t {b{t)^t + |V^| 2 ) - 2^ t e 2 ^F(u) 1 

where F(u) := J™ f(r)dr is a primitive of the nonlinear term |/(t)| ~ |r| p , hence, l-F^u)! < C|w| p+1 . 
After integration over [0,t] x K™, by taking into consideration ip t < and (|56p we can estimate 

G(f) < G(0) - 2 / / Vt(s,x)e 2,/j(s ' ;E) F(u( S ,x))dxds, 

where we put 

G(t):=E(t)- L-J—F(u(t,x))dx= / — (\u t (t, x)\ 2 + |Vu(f, x)| 2 - F(tt(i, x))) dx. 

Wc remark that the divergence theorem can be applied being 

e 2 ^ s '- } u t (s r )Vu(s r ) G L X (K"). 
This follows from Lemma [TJ Therefore, 

^W<G(0) + ||e^T^ t '- ) U (i,-)||^ 1 + T / \ip t (s,x)\e ms ' x) Hs,x)\P +1 dxds. 
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In order to gain (|58p it remains to show that G(0) < I 2 + This reduces to prove that 

e 2a ^ 2 \u \ p+1 dx<IP +1 . 



Since p + 1 < pcN(n) + 1 < for n > 3 (no requirement for n = 1, 2) from Sobolev embedding it 
follows that 

e 2a W 2 \u \ p+1 dx< f e^ lx f (\u \ 2 + \Vu Q \ 2 )dx+ [ e^^ 2 \x\ 2 \u \ 2 dx 

The assumption p > 1 gives (1 + |x| 2 )ep : Fi ' x ' < Ce 2 "' 2 ' 2 . This concludes the proof of 
Now, by virtue of 

|.0 t ( Sj2 ,)| e (2-7(p+l))</<(s,z) = *P( S , X ) e -0+l)g^(8,a;) < 



(1 + B(s,0))6(s) " (1 + B(«,0))6(«) 

from (1581) we derive 



E(t) < Cll +CP+ 1 +C\\e^ t '\(t,-)Cl +C e j o + * \\ertM u ( 8 , x^+Us. 



For any e > it holds 



ds = / — r- — dr < — 



/„ (1 + 5(8,0))!+^) 7i t*+* 
therefore 

E(t) < C/ 2 + CP a +1 + CUe^^'V*, 011^ + C' e fsup(l + 0)) e ||e^(''-)«(«, -)\\ LP+ \ . 

\[o,t] J 

To complete the proof it is sufficient to notice that the third term is estimated by the fourth one, 
since 7 > 2/(p + 1) and B(s, 0) > 0. □ 

4.3. Decay estimates for the semi-linear problem. Let us observe that we can apply the estimates 
in Theorem |3] for m = 1 if (uq,ui) 6 -ff^p x L 2 a ^ 2 . Indeed, for any v e L 2 a ^ 2 it holds 

\v{x)\dx<(^J e 2a ^ 2 \v(x)\ 2 d x y (^J e~ 2a ^ 2 d x y . 
Hence, 

Hi\*\> x L lw- C (W 1 ' 1 n ff 1 ) x (L 1 n L 2 ) c ^1,1 . (59) 

Having in mind the application of Theorem [3J for m — 1 we need to estimate f(u(s, ■)) in i 1 PI £ 2 by 
using the weighted energy spaces. 

Analogously to Lemma 2.5 in |ITj . after a change of variables one has for any f3 > 

e -TrAs d x= ( 1 + B p t,0) ) n/2 J R e-M 2 dy<Cp(l + B(t,0)T /2 - 
Applying Holder's inequality this implies for any e > it holds 

\\f(u(s, -))\\ L1 < C\\u(s, OHL < C s , p (l + B(s, 0)r^\\e^Mu(s, (60) 
On the other hand, by using the trivial estimate || e -2ep^(*-) || ioo < Q we get 

\\.f(u( S ,-))\\ L2 <C\\e^Mu( S7 -)\\l 2p . (61) 

Thanks to Theorem [3] combined with the estimates (|6Tfy - (|6"Tj) we are able to prove the following fun- 
damental statement, which is completely analogous to Lemma 2.4 in |IT| for 6=1. 
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Lemma 3. For j + I = 0, 1 it holds 

(b(t)y(l + B(t,0))^+JW+ l \\Wd l t u(t,-)\\ L i<CI a +C e f 8 uph(*)||e e *(''-)u( fl ,.)|U* > ) , 

\[o,t] J 

where we put 

h{s) := (l + fl(«,0)) — 5 — . (62) 

Proof. We come back to the representation of the solution to (JXJ) given in (pt3"l) . Recalling ([55)1 it holds 
||(u0) Wi)||xi i — CI a . Thanks to (IT2|) and (fT3|) for m = 1 and j = 0, 1, we get 

||V% lin (i,-)||^ < CI a (l + B(t,0))-( n/4+ J /2 \ 

and thanks to (fH|) for m=lwe derive 

||^ lin (t,-)|U=<C(6(t))- 1 J a (l + J B(t,0))-«/ 4 - 1 . 

Therefore, we can focus our attention to the nonlinear contribution 

u nl (i, x) = / Ex(t,s,x) * f(u(s,x))ds. 
Jo 

We first consider s € [0,i/2]. If s G [0,t/2], then property {52) gives us B(i,s) w B(i,0). Therefore, 
thanks to (f3"Tf and ([55)1 . by using and (|6"Tj) . we estimate 

rt/2 

V 3 / £i(i,s,x) * f(u(s,x))ds 
Jo 

,t/2 

< C / (b(s))- 1 (1 + B(t, s ))-(™/ 4 +^/2) (i + S ( S) ))"/ 4 ||e^( s '-) U ( S , -)\\ p L2p d S 
Jo 

<C(l + B(t,0))- (n/4+j/2) f supft(a)||e^ (a '- ) u(s,-)|| L 2p J (b(s))- 1 (I + B(s,0))^ 1+e) ds. 

\[0,t] J Jo 

After the change of variables r = -B(s, 0) we derive 

t/2 -, fB(t/2fi) 

— (l + B(s,0))- (1+£) ds = / (l + r)-< 1+e W < C £ . (63) 

Since £a(t, t, x) = for any t 6 [0, oo) wc remark that 

d t u nl (t, x) = / d t Ei(t,s,x) * f(u(s,x))ds. 
Jo 

Taking into consideration ((39]) . (j60j) . ([61~]) and ((63)) we have 

r-t/2 

ft, s, xl * f(u(s, x)) ds 

L 2 



rt/2 

<C (6( S )6(t))- 1 (l + B(i,,s))-"/ 4 - 1 (l + i?( s ,0)) n / 4 || e ^^( S ,-)|II 2p rf.s 



<C(6(t))- 1 (l + B(t,0))-"/ 4 - 1 (supfc(s)||e^<''V<v)IU*l ■ 

Now we consider s S [t/2, i]. Formula (|FT|) gives us B(s,0) ss B(t,0). On the other hand (1531 gives 
us £?(t, s) « (t — s)/b(t). It is sufficient to use the energy estimates (that is, the L 2 — L? theory for the 
linear Cauchy problem given by (f3"T)) - (j3l?)) - (|3l))) with m = 2): 

||V^2MM,aO*/(«(«,*))ll^ <(6(.s))- 1 (6(t))-'(l + i?(t, S ))-^|| W ( S )||^ p , 
that holds for j + I = 0, 1. Therefore, it follows 
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ft 

V j dlEi(t,s,x) * f(u(s,x))ds 

L 2 



V j 9|£;i(i,s,x)* f(u(s,x))ds 

t/2 



<C[sn V h(s)\\e^Mu(s,-)\\ L2 A {h{t/2))^— \- f -L(l + B(t, s))-^- l ds. 
Wt] I (b(t)) 1 Jt/ 2 b{ s ) 



For j = and I = we derive 



f* 1 

/ —ds = B(t,t2)<l + B(t,0), (64) 
Jt/2 b{s) 



it/2 b(s) 

whereas for j = 1 and I = after putting r = B(t, s) we conclude 

— {l + B{t lS ))- 1 ' 2 d S = / {l + r)- l ' 2 dr = 2(l + B(M/2)) 1/2 -2< (1 + 0)) 1 / 2 , (65) 



/t/2 & ( S J Jo 
and, analogously, for j = and I = 1 we obtain 

ft i pB(t,t/2) 

— {l + B(t 7 s))- 1 ds= / (l + rT^r = log(l + B(M/2)) < log(l + 0)). (66) 

t/2 Jo 

To conclude the proof it is sufficient to notice that 

(h{t/2))- p (b(t))- l (l + B(t, 0)) 1 - j/2 ~ / (log(l + B(t, 0))' < (b(t))- l (l + B(t, o))-™/ 4 -J/2-; j 
tar j + 1 = 0,1. □ 
4.4. Conclusion of the proof to Theorem [TJ Let us define 

W(t) := \\e^\d u V)«(r, -)IU- + + ^ 0))("/ 4+1 / 2 ' ||V«(r, -)IU- 

+ 6(r)(l + fl(r, 0))"/ 4+1 || Mf (r, + (1 + B(r, 0)) n ^\\u(r, -)\\ L2 . 
Thanks to Lemmas [21 and we can estimate 

sapW(r)<I a +I? L + ( sup (l+B(T,0)Y\\e^^u(T,-)\\ LP+1 ) {p+1)/2 + ( sup /i(r)||e^^-) U (r, .)||l*>) P 
[0,t] re[0,t] re[o,t] 

In order to manage the last two terms we use a Gagliardo-Nirenberg type inequality (see Lemma [5] in 
Appendix |X| and we get 

He^'-'wlli. < C a {l + B(t,0)) (1 - e( « ))/2 WVvW 1 ^ \\e^Vv\\l 2 (67) 

for any a G [0, 1] and u G H^, t %, where 

„ . v n n (1 1\ 

^ : =2-g =n (2-i) (68) 

for g > 2, together with g < 2* if n > 3, where 2* := 2n/(n — 2) = 2pgn(^)- 
By using (|6"T)) . since 7 = 2/(p + 1) + e, it follows 

||e'^< T '->ii(T,.)||£»+i < ^(l + S^O))^-^ 4 - 1 "/ 2 -^- 2 /^ 1 )-^^/^ 1 / 2 ), (69) 

\\e s ^u(r,-)\\ L 2 P < ^(l + S^O))" 1 -^ 2 ^)/ 2 -^^ 44 - 1 / 2 )). (70) 
Recalling (|rJ2"j). we observe that the quantities 

max (1 + B(t, 0)) -( 1 -?tt" £ )(t+^)+ e , (71) 

rS[0,t] 

7i/4+l + e . l-8(2p) ,.. w n , n 

max (1 + B(r, 0))^^ + ^^~ (1 - £)( - + ^, (72) 

rS[0,t] 

are uniformly bounded in [0, 00), provided that e > is sufficiently small, since p > Pfuj(h). Indeed, 
1) ^ 2 i l^_n/4+l i 1 - 6(2p) (n ( 1^ _ 1 - (p - l)n/2 



P+1/V4 2/ p 2 V4 2 
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Let us define 



M(t) := maxWM, 
[o,t] 



and let e = I a . We remark that M(0) = W(0) < (2 + 6(0))e. We have proved that 

M(t) < c (e + e p+1 ) + Cl {M{t)) P -^ + c 2 {M(t)f (73) 

for some cq,Cx,C2 > 0. We claim that there exists a constant en > such that for any e G (0, eo] it 
holds 

M(t) < Ce, (74) 
in particular E(t) < C 2 e 2 , uniformly with respect to t G [0, oo). Straightforward calculations (see [IT]) 
give also 

||e*<^u(V)||i»<e(l+i), te[0,T). (75) 
Thanks to ([74]) and (|75|) . the global existence of the solution follows by contradiction with the condi- 
tion ([SB")) of Lemma [TJ Let us prove our claim ([74]) . We define 

4>(x) = X — C\X~^~ — C2X P 

for some fixed constants ci,C2 > 0. We notice that <fi(0) = and </>'(0) = 1. Moreover, <p(x) < x 
for any x > 0, and we take x > such that (/>'(x) > 1/2 on [0, 3c]. Therefore <f> is strictly increasing 
and 4>(x) < x < 2<f)(x) for any x G [0,5;]. Let 

• / 1 ^ ^ 
en := mm < 1, tt^, — 

\ ' 2 + 6(0)' 4c . 
If I a = e for some e G (0, eo], then 

M(0) = W(0) < (2 + 6(0))e < 55. (76) 
Since 4>{x) is strictly increasing on [0, x] it follows from ([76")) that 

0(M(O)) < 0(3?). (77) 

Thanks to (J73J) we get 

cf>{M{t)) < c (e + e p ) < 2c e (78) 
for any t > 0. Since Af(i) is a continuous function and 

2cne < 2cnen <x/2< 4>{x) 

it follows from (J77J and ([751) that ^f(*) € (0,55) for any i > 0. Therefore, since x < 2<f>(x) in [0,55] we 
also derive from ([75]) that 

M(t) < 24>{M{t)) < 4c e. 

This concludes the proof of ([74]) and as a consequence the global existence result. The relation (|74l) 
implies directly the decay estimates ([T7[) - ([T5)) - ([T51) for the semi-linear problem ([T]) (sec Remark [TTj) . 

5. Proof of Theorem [2] 

In order to prove the global existence of a solution in C([0, oo), H 1 ) n C 1 ([0, oo), L 2 ) such that the 
estimates (|22[) -(l2"3 j )-( l24l are satisfied for any t>0we introduce the space 

X(t) = {ueC([0 7 t} 7 H 1 )nC 1 ([0 7 t} 7 L 2 )} 

with the norm 

\Hx(t) ■■= sup [(l + B(r,0)r/ 4 || W (r,.)|U 2 + (l + i?(r,0))"/ 4+1 / 2 ||V U (r,.)!|L 2 

0<T<t 

+ (l + B(r,0)r^(l + r)\\u t (r,-)\\ L2 ]. 

We remark that if u G X(t), then ||u||x(s) < ||i*|| f° r an y s < t. 

We shall prove that for any data (ito,Ui) G A\ : \ the operator iV which is defined by 

Nu(t, x) = E Q (t, 0, x) u (a;) + £i(i, 0, a;) *( x ) ui(a:) + / s, x) * (x ) / (u(s, x)) ds 
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satisfies the following two estimates: 

\\Nu\\ x{t) <£||K<)|U M + qKC(t)< (79) 

\\Nu -Nv\\ x(t) <C\\u-v\\ xw (H x « + Wvf^D (80) 



uniformly with respect to t £ [0, oo). Arguing as we did at the end of the proof of Theorem [T] from (|79|) 
it follows that N maps X(i) into itself for small data. These estimates lead to the existence of a unique 
solution of u = Nu. In fact, taking the recurrence sequence U-i = 0, Uj = N(uj—\) for j = 0, 1, 2, . . . , 
we apply (|79p with || (ito, Wi) H^tj i = e and we see inductively that 

lk-IU( t ) < c ie , (si) 

where C\ = 2C for any e £ [0, eo] with e = eo(Ci) sufficiently small. 
Once the uniform estimate (|81[) is checked we use once more and find 

\\ u 3+i-Uj\\x(t) < Ce^Wuj -Uj-i\\ X (t) < 2 _1 ||uj -Mj-iHx(t) (82) 

for e < eo sufficiently small. From (|82p we get inductively \\v,j — Uj-i\\x(t) < C2~3 so that {uj} is a 
Cauchy sequence in the Banach space X(t) converging to the unique solution of N(u) = u. Since all of 
the constants are independent of t we can take t — > oo and we gain the global existence result. Finally, 
we see that the definition of ||u||x(t) leads to the decay estimates (|22 j) - ((23l) - ([24|l . 
Therefore, to complete the proof it remains only to establish ([79| and (j80|) . More precisely, we put 



\\v\\ XoW := sup (l + B(r,0))™/ 4 ||«(r,.)!|L 2 + (l + S(r,0))"/ 4+1 / 2 ||Vz;(r,.)||L 2 , (83) 

0<T<t L J 

and we prove two slightly stronger inequalities than (|79[) and (|80p . namely, 

\\Nu\\ X (t) < C || (tio.uOIUt., + C|| U || Xo(t) , (84) 
||JV« - JV«||^ Ct> < - vlUoC*) (ll«H5^( t) + ll«H5^(t))- (85) 

These conditions will follow from the next proposition in which the restriction on the power p and on 
the dimension n will appear. 

Proposition 4. Let us assume (|2T|) . Let (uo, u\) £ A\ t i and u £ X(t). For j + I = 0, 1 it holds: 

(1 + + 0))("/ 4 +^ 2 ) || V^^ u (i, ■) ||^ < C || ( Wo , ) IU,,, + C|| ^115,^^, (86) 
(1 + t) l (l + B(t, 0))("/ 4 +^ 2 ) \\^d l t (Nu(t, •) - Nv(t, •)) \\„ 

^c^-HUowd^ii^+ii^ii^y. (s?) 

Proof. We first prove (|56"|) . As in the proof of Theorem[T]we use two different strategies for s £ [0, t/2] 
and s £ [t/2,t] to control the integral term in Nu. In particular, we use Matsumura's type estimate 
(|3"7 ]l -(|5g ]l -([59" l) for m = 1 if s £ [0,t/2] and for m = 2 (i.e. energy estimates) if s £ [t/2,t]. Together 
with ([12 |l -([T3 ll -([n il and Remark [TT1 we get 



\\V j d l t Nu(t, -)\\ L s < C(l + ty l (l + B(t, 0))-("/ 4 +^ 2 ) || (uo, Ul )\\ Al:1 

+ C r / \6( S ))- 1 (6W)- i (l + S(i, S ))- ( " /4+3/2+i) ||/(u( S ,0)||L 1 nL^ S 
Jo 

+ C f (6( S ))- 1 (6(t))- i (l + S(t )S ))-^|| /(u ( Sj .))|| i2ds 

Jt/2 

for j + 1 = 0, 1. By we can estimate |/(it)l S \ u \ p > so that 

ll/Ws,-))IU 1 n^<ll^,-)lli, + ll^,-)ll^, 

and, analogously, 

\\f(u(s,-))\\ L ,<\\u(s,.)\\%. 
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We apply Gagliardo-Nirenberg inequality (see Remark [TS] in Appendix [X]) : 

IKv)UL> < H^OII^-^IIVu^oll^, (89) 

\Hs, -)\\% < \Hs, .)f L r e{2p)) \\Vu(s, -)\\ P L T P \ (90) 

where 

. . . n p — 2 „ . . n p — 1 

2 p 2 p 

We remark that the requisite 8(p) > implies that p > 2, whereas the requisite 9{2p) < 1 implies 
that p < pgn(»i) if n > 3. The main difTcrcncc with respect to the proof of Theorem[T]is that to apply 
Gagliardo-Nirenberg inequality we need p > 2, since we use the L p n L 2p norm of u and not its L p+1 
norm. 

We estimate ||/(u(s, •))IU 1 ni= and \\f(u(s, -))\\ L 2 by using (JHHJ) , © and ||ti||x (t) : 

-))hw < \\u\\ p Xo(s) (l + B(s,0))- p(n/4+e(p)/2) = ||u||P oW (l + B( fl> 0))-^- 1 W 3 , (91) 
since 8(p) < 9(2p), whereas 

\\f(u(s,-))\\ L , < || U ||^ o(s) (l + S( S ,0))-^/ 4+ ^)/ 2 ) = \\u\\ p Xo(s) (l + B(s,0))- {2p - 1)n/ *- (92) 
Summarizing we find 

\\V j diNu{t,-)\\ L 2 <C(l+<)-'(l + B(t,0))-("/ 4+J / 2 )e 

,t/2 

+ cii^iixow / mr'mr'ii + B(t, s)r (^/^) (1 + B(Sj 0) )-(p-iw 2 ds 



C|M| P Yo(t) £ 2 (6( S ))- 1 (6(i))-'(l + J B(t, S ))- j/2 - / (l + S( S ,0))-^- 1 W 4 d s 



for j + I = 0, 1. First, let s e [0, t/2]. Due to ([51]) and (JHJ) we can estimate 

t/2 

(Ks))- 1 ^*))-' (1 +5(i, Wi+i/2+0 (i + B( S) O))-^ 1 )™/ 2 * < (l + B(t,0))-W 4+j M{l+ty 



Indeed, since p > pF U j(n) after the change of variables r = B(s, 0) we get 

t/2 -, r B{t/2,0) 

— (l + B(s,0))^ (p - 1) " /2 ds= / (l + r)- (p - 1)n / 2 dr < C. 

o K s ) Jo 

Analogously, for s e [t/2, t] by using ([5T]) we have 

-(1 + B(t, s))-^ 2 -'(l + S^O))-^" 1 )™/ 4 ^ 



* J 1_ 

t/2 b(s) (b(t)) 



i 

i 



KCil + B^O))-^-^-^ [ J_(l + S(t, S ))-^-^ S . 

(&(*))' it/2 K s ) 



Thanks to (|64p - (p5|) - (prj)) in the proof of Theorem[T]we get 



my {1 + m °))" (2p - 1)n/4 J t/2 + m s)yj/2 ~ lds 

< C(l + B(t,0))-( 2p -V n/4+1 -i /2 - l (b(t))- l (log(l + B(t,Q))) 1 < (l + B(t,0))-" /4 ^' /2 (l+t)-'. 
By using Remark [TT] we prove ([55]) once we get 

(1 + B(t, 0)) 1 -( p - 1 )"/ 2 (log(l + B(t, 0))) 1 <C, 1 = 0,1 
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as follows being p > ppuj {n) ■ 

Now we prove (|87[l . We remark that 



\\Nu-Nv\\ X (t) 



Ei_(t, s, x) *( X ) {f(u(s, x)) - f(v(s, x))) ds 



X(t) 



Thanks to (|37 |) -(|38 |1 -(|39 |) we can estimate 

|| WdlE^t, s, x) * (x) (f(u(s, x)) - f(v(s, x)))\\ L 2 

< /(K*))" 1 ^))-^! + a))-*" 4 "* »/(«(*, 0) - OJIU-ni-, «e[0,f/2], 

-\(b(s))-Hb(t))- l (l + B(t, S ))-i- l \\f(u(sr))-f(v(s,-ML^ se[t/2,t], 
for j + I = 0, 1. By using ([2]) and Holder's inequality we can now estimate 

||/( U (*, •)) - f(v(s, -))|Ui < IK*, •) - v( S) .)\\ L , (\\u(s, oiii; 1 + |K*. Oll^ 1 ) , 

||/(u(a, •)) - /(«(*, -))\\ L2 < \\u(s, ■) - v(s, -)\\ L i P (\\u(s, + \\v(s, ■)f- 2p 1 ) . 

Analogously to the proof of (|84p we apply Gagliardo-Nirenberg inequality to the terms 



\\u(8,-)-v(s,-)\\l9, \\u(s, ■ 



\L1 



\v{s, -)\\ Lq , 



with q = p and q = 2p, and we conclude the proof of ([85JI by using the assumption p > ppuj (n) and 
the convergence of the integrals in (|M| - (p5|) - (|55| . □ 

6. Proof of Theorem [3] 



In order to prove Theorem [3] we follow the strategy in |W07j . The main goal is to show how the 
strategy can be extended to a parameter-dependent family of Cauchy problems. For additional details 
we refer the reader to that paper. 

We will prove a statement more general than (I571) - (f55j) - (f59")) . namely, that 

\\d l t dy(t,-)\\ L2 



(93) 



for 1 = 0,1 and for any a € N™. The inequality flH5J for |a| < 1 - 1 gives us ([57 |) -([55 |) -([59" 1) . 
We perform the Fourier transform of (|35p and we make the change of variables 



A(s) 



where A(i) := cxp ^— J 6(r) dr^j , 



so that we derive the Cauchy problem 

y" + m(t,C)y = o y(s,0 = o, y'(s,t)=g(s,0, 

where we put 



(94) 
(95) 



Let us define rj(t) := b(t)/2 and 



(0„( t ) : - sj 



\Z\-v 2 (t) 



We divide the extended phase space [s, oo) x K n into four zones. We define the following hyper- 
bolic, pseudo-differential, reduced and elliptic zones in correspondence of sufficiently small e > and 
sufficiently large N > 0: 

Z hyp (N) = {t>s,\Z\>r 1 (t), { -^> N }, 

(#„(*: 



Z pd (iV,e) = {t> s , (CI >»/(*), e< 



>7(t) 



< N\ 
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Z ied (e)={t>s, { -^<e}, 

zm = {t > s, Ki < V (t), %p>4 

Remark 12. Since rj{t) is monotone there exists the limit 

7700 := lim ri{t) G [0,oo]. 

t— >oo 

We distinguish the following four cases: 

• If r](t) \ 0, then for any £ 7^ there exists T|£| > s such that (t, £) € Zh yp (iV) for any t > T\^\. 

• If r]{t) \ 7700 > 0, then for any |£| > i^^y/ N 2 + 1 there exists Tj^ > s such that (t, £) G Zh yp (./V) 
for any t > T\ £] . Moreover, G Z e ii(e) for any |£| < r] 00 VT~E 2 ~ and (t,£) G Z hyp (iV) for 
any |£| > //(s^iV 2 + 1- 

• If r](t) /• iioo > 0, then for any |£| < 7700 Vl — £ 2 there exists Tj^ > s such that (i, £) G Z e n(iV) 
for any t > T\^. Moreover, (t,£) £ Z on (e) for any |£| < r/(s)Vl - e 2 and (t,£) G Z hyp (iV) for 
any |£| > 

• If r](t) /■ 00, then for any £ G K" there exists T| f | > s such that (t, £) G Z c n(iV) for any t > . 
We define 

where x G C°°[0,+oo) localizes: x(C) = 1 if < C < 1/2 and x(C) = Oif <"> 1- For any £ Z rcd (e) 
it holds |m(i,£)| > Ce 2 r] 2 (t). Therefore, /i(t,£) > Ci . 
Let F(t,£) = (ih(t,£)y(t,£,),y'(t,£)) T . From flU]) wc obtain 

For any t>ti>s we denote by £ (i, fi,£) the fundamental solution of (|96p . that is, the matrix which 
solves 

for any f > h. It is clear that V(i,£) = £(*, s, £)(0, <?(s, £)) T and that £(t,t 2 ,Q = £ (t,t 2 ,£) £(t 2 ,ti,£), 
for any i > i 2 > > s. 

For 7j 2 > *i and (*2,£), G Z hyp (N,e), we will write £(f 2 ,ii,£) = £hyp(h, h, £)• Similarly for the 

other zones. 

6.1. Diagonalization in the hyperbolic zone. Recalling the definition of x, in 2fhyp(iV) it holds 
M^O = \/ m iti £)• Therefore we can write the system in (pM]) as 

The constant matrix 



P= Wi 1 



,/2 V" 1 !/ ' 
is the diagonalizer of the principal part of ((98)) . that is, 



,1 oj V2 W V V° 1 

If we put = PV(t,g), then ([98]) becomes 
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Then we apply a step of refined diagonalization to (|99p . The second diagonalizer depends on y/m(t, £) 
and on dt^/mit,^). For this reason there will appear terms where also df^/m(t, £) comes into play. 
By using ([9]) for k = 1,2,3 (we recall that both b(t) and b'(t) appear in the definition of m(i, £)) we 
derive suitable estimates for the entries of the new system. 

Summarizing, for any (ti,£), fa,£) € ^hyp(-^V) with t\ < ti, the fundamental solution in (|97[) can be 
written as 

£hyp(*2,*l,£) = ^hyp,o(*2)*l)OQliyp(i2i*liO) 

where 

^hyp,o(*2i*ii0 = diag ^exp(-i jf y/m(T,£) dr),exp(i^" v'mfof) dr)^ , 
and ||Qhyp(*2)ii)^)|| < Cj uniformly. We remark that in the last estimate we used the property 

m(t 2 ,0«l£l«™(*i>0, 
which holds in Zh yp (iV), to control the term 

fl f-OrV^A (mfa,^ 



which appears after the refined diagonalization step. 



6.2. Diagonalization in the elliptic zone. In Z c \\(e) it holds h(t,£) = y/—m{t, £), therefore we can 
write the system in (|96p as 



A T/ ■ / TT~c\ /" l\ T/ 9 t y/-m(t,Q A 



V. (100) 



The constant matrix 

p = J-H 1 

1 

is the diagonalizer of the principal part of (|100j) . If we put W(t,£) = PV(t,£), then (|100[) becomes 

If t\ > t with a sufficiently large t > s, then we can perform a step of refined diagonalization. On the 
other hand, since the subzonc 

^comp (e,t) = {t < t} R Z eU (e) C [s,i] x {|£| < max{r)(s), »?(*)}} , 

is compact, the fundamental solution is bounded there. So we may assume t\ > t. For any fa, £), fa, £) G 
Z e n(e) with ti < ti the fundamental solution in (I97|) can be written as 

£ell(*2,il,£) = fcll,o(*2, *1) £)<9cll(i 2 , h, £) > 

where 

geU,o(^2,ti,0 = (^ m ( t ^) J dia &y cx P(J t \f-m{T, £) dr) , exp(- y >/-m(r,^) dr) J 
and ||<5cii(t2, ii, Oil — C uniformly. We remark that the term 

tl f^rfM d \ = f m fa,0^ 



2 7 tl v / ™0v£) J W(*i.O 

which appears in £ e ii,o(^2,ii,£) is n °t bounded. Consequently, it can not be included in Q \\fa, t\, £) 
as we did during the diagonalization procedure in Zi iyp (N). 
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6.3. Estimates in the reduced and pseudo-differential zones. In Z rc a(e) we can estimate y/\m(t, £)| < 
Cerj(t) and therefore also h(t,£) < Cerj{t). By rough estimates this implies 



|£red(*2,«l,0ll <exp^a£^ r)(r) dr 



Since C is independent of e we can take e < 1/(2C), so that the exponential growth is slower than the 
growth of A(f2)/A(fi). 



In Z p a(N, e) it holds h(t, f) — y/ m(t, f ). We can roughly estimate by the symbol class of dt \J m(t, t;)/\/m(t, f ) : 

||£ P d(*2,ii,0ll <exp(cj\l+T)- l <fr) = (j^Q <C' s exp(ce j\(r)d^j , 
for any e > 0, since irj(i) — > oo. 

6.4. Representation of the solution. We come back to our original problem (|3"5|) . Let 

be the solution to (1951) . Then, thanks to our representation for the fundamental solution £ (t2,ii,£) 
given in (|97|) . we derive 



, (0,g( S ,O) T = diag(|C|/Mi,6,l)f(^^e)diag(0,l)(0,ff( S ,e)) T , 





that is, 

*(t, a, = -i£ 12 (i, a, 0/M*> 0. «> = «, f). 

We write the Fourier transform of the solution to (f3"5j) as = 3>(i, a, £)ff(s, £)• Recalling we 

obtain 

%.^) = ^*(M,6 = -^^ 12 (M,6 1 d02) 



A(S) ^22(t,S,0 + ^7^£l2(t,S,0)- 



X(t) 2h(t,0 

According to Remark 1121 for any frequency £ ^ and initial time a > (with no loss of generality 
we can assume a > t) we can distinguish various cases. We first consider the case of r/(t) decreasing, 
W(t) \ Voo with rjoo e [0, +oo), and (a,f) G Z e u, that is, |£| < ^(s)\/l - £ 2 - 

• If |f | > r/ao^/N 2 + 1, then there exist i p d > trod > t e n > a such that for any t > i p( j it follows 
that 

£(t,S 7 £,) = £hyp(*i ipd, £)fpd(^pdi *redi £)frod(^red, *ell, f )£ell(i e ll, S, f )• 

In particular, this happens for any frequency f ^ if 77^ = 0. 

• If rjoo^/l + e 2 < |£| < 7700 v TV 2 + 1 , then there exist t re d > ieii > s such that for any t > i rc d it 
follows that 

f (*) S ) = £pd(i, *red) £)£red(ired, iell, £)<? ell (^cll , S, £,) ■ 



If 7700 a/1 — e 2 < |f | < T]oo V 1 + e 2 , then there exists i e ii > a such that for any t > t e \\ it follows 
that 



• R |f I < ^ooVl^ 2 , then £(t, a, f) = £ e ii(i, a, £)• 
On the other hand, if |f| > r/(a)\//V T TT, then £(i, a,f) = £h yp (i, s,f) for any £ G [a, 00). The 
intermediate cases are clear. 

If we consider the case of rj(t) increasing, rj(t) f~ r/^ with 7700 G (0, +00], then the situation is reversed. 
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In particular, for any frequency |£| € [r](s)y/ N 2 + l^oo^/l — e 2 ) (if this set is not empty), there 
exist i ro d > i p d > thyp > * such that for any t > t rc d it follows that 

^; £) — £ell(^; ^redi O^red (^red j ^pdi £)£pd (^pd; ^hyp j £)^hyp (^hyp ) ^5 £)' 

6.5. Estimates for the multipliers. We have to derive estimates for |$(t, s,£)| in each zone of the 
extended phase space. The estimates for \§>'(t, s,£)l will be obtained by a more refined approach. 
Since £i2(t, s,£) is multiplied by 

A(s) 1 

\(t) h(t,o 

we look in each zone for an estimate of the scalar and non-negative term 

a(h,h,0 := _^^||£( ta|tl| 0|| 
for any (ti,£), (t2,0 in that zone with t\ < ti- Indeed, from f| 102[) it follows 

/i(s,0 

Following the ideas from the proof to Theorem 17 in |W07j we can easily check that the desired estimate 
in Z e n(e) is 

Oeu(*2, *i, < cxp f -C |e| 2 [ 2 -^dr)= cxp(-C |C| 2 B(f 2 , (104) 



, 6(r) 

We remark that the estimate 

M*i>0 Mfc.O)* ^ ("*(*i,0)* 



M*a,0 Mti.O)' (m(f a ,0)* 

plays a fundamental role. 

In Z rod (£) it holds fr(f,£) w r/(t) w |£| while /i(t,£) « |£| in Z pd (A^,e) and in Z hyp (.ZV). Therefore, 
we can assume h(ti,£)/h(t2,£) ~ 1 in all these zones. The best estimate is obtained in Z\ lyp (N). 
Since £(t2,t\,(,) is bounded we conclude 

a h y P (t2,h,0<^; (105) 

on the other hand, in Z pd {N, e) we have 

„ ft t o< a+^r A^) 

a pd (t 2) t l! C)< (1 + ii)cA(t2) , 
whereas in Z ro( j(e) we have 



(106) 



<W(^,0 <cxp(c £ /%(,)„) , (107) 

where we choose e > such that i5 := Ce < 1/2. It is clear that in the zones Z} lyp (N), Z pd (N,e) 
and Z ved (e) we can uniformly estimate a{t2,t\,^) by the upper bound from (|107[) , which is the worst 
among (|105[) - (|106l) - (|107[) . Moreover, we remark that the parameter |£| does not come into play in these 
estimates. Nevertheless, we should be careful when we compare with the estimate (|104[) . which has a 
completely different structure. Having this in mind we define 

n hyp (e) = Z rcd (e) U Z pd (N,e) U Z hyp (N), 

and we denote by tu\ the separating curve among Z e \\(e) and ilhyp(e), that is, the separating curve 
between Z e \\{e) and Z red (e)). This curve is given by 

r) 2 (t m )-\t\ 2 = e 2 r, 2 (t m l i.e. = r?" 1 (^=f) ■ 
We distinguish two cases. 
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For small frequencies |£| < r/(s) y/1 — £ 2 , since h(s,^) ~ rj(s) « b(s) it holds 

l%s,£)|<^yexp(-C|£| 2 i?(M)) fort<%|, (108) 

l*(^s,C)|<^yCxp(-C|e| 2 S(^|, S )) (^r) fort>t|f|. (109) 



We recall that tui = oo if |£| < ?/oo y/1 — s 2 (in particular, this is trivially true if 77(f) is 
increasing) . 

• For large frequencies |£| > r](s) y/1 — e 2 , since /i(s,£) « |£| it holds 



1-2(5 



l%«.OI<^f^77vY for*<*|«|, (HO) 



1 f A( S ) 



1-2(5 



l*(M,£)l <^ (^xg) ) exp(-C|£| 2 B(M| C |)) for* > 



We recall that ti^i = oo if |£| > r] 00 \/l^e 2 (in particular, this is trivially true if r](t) is 
decreasing). 

6.6. Estimates for the time derivative of the multipliers. We consider <E>'(f, s, £). In IIhyp(£) we 
directly use the representation (|103[) together with 6(f) < h(t,£) and h(s,£) |£| rj /i(f,£). Therefore, 
for large frequencies |£| > rj(s) y/1 — e 2 and for t < tui we can estimate 

I^OI^) 1 "" (112) 



whereas for small frequencies |£| < r/(s)y/l — e 2 and t > ti£i we get 



|*'(t J *,0l^l* , (*ici.*.0l(^) • (us) 



It remains to estimate two objects: 

• $'(f, s, £) in the case of small frequencies |£| < ?y(s)vl — e 2 for any f < t\%\, 

• <I>'(f, s, £) for large frequencies |£| > 77(s)-\/l — e 2 and for any t > fi^i (we remark that this case 
comes into play only if 17(f) is decreasing). 



A direct estimate for $'(*, s, £) is not appropriate for small frequencies |£| < r)(s)\/l — e 2 and f < f|£|. 
Taking account of 

+ |£| 2 $ + &(f)$' = 0, $(s,s,£) = 0, $'(«,*,£) = 1 
and setting y(t, £) = $'(f , s, £) we get 

y' + b(t)y = \£\ 2 $(t,s,0, y(s,0 = l- (114) 
This leads to the integral equation 

y(t, = exp f- j b(r) dr^j (y(s, + j cxp Qf b(a) da^j |£| 2 $(r, s, £) dr^j , 

that is, 

Analogously to Lemma 20 in |W07) we can prove that 

!*'(*, *,0I ;$ exp ( - a|ei 2 s(t, S )) . (us) 
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Indeed, by using (|108[) in the integral and applying integration by parts (we remark that b(r) A 2 (t) /A 2 (t) 
d T (X 2 (r)/X 2 (t))) we get 



A 2 (*) 
A 2 (i) 

A 2 ( S ) 



/ A 2 (r) 

U a (*) 



6(r) 



lei 2 



6( S )6(r 



■cxp(-C|e| 2 i?(T, S )) dr 



kl 2 



■cxp(-C|£| 2 5(M)) 



1 



* \2 



A 2 (r) 



dr(J^exp(-C\Z\ 2 B(T,s))\dT. 



A 2 (i) 6( a )6(i) ^ ISI v ' " b(s)J s X 2 (t) 

One can show that for n(t) increasing or decreasing the second term determines the desired estimate. 
Therefore we derive (|115p . Combined with (jl 13|) this allow us to derive for small frequencies |£| < 
r](s)y/l — e 2 the following estimates: 

2 



< 



6(*)6(t) 



exp(-C\£\ 2 B(t,s)) {oTt<t li{ , 



lei 



l*'(t,s,C)|<^yexp(-C|C| 2 i?(^|, S )) 
We remark that we used fr(*|£|) ~ |£| m (|H7I) . 



A(%|) 
A(t) 



1-2(5 



for f > t|£| 



(116) 
(117) 



To estimate s, £) for large frequencies |£| > r](s)\/l — e 2 and for any t > t\£\ we slightly modify 
this approach. Indeed, we still put y(t, £) = $'(t, s, £), but now we look for an estimate of the solution 
to 

(y' + b(t)y= |£| 2 $(t, S ,£), t>t m , 
By using (jllip for $(£, s,£) and (jl 12[) for $'(t|£i,s,£) we derive for t > t^ the following inequality: 



(118) 



< 



< 



X 2 (t) 



( m 

U(*|*|) 



1-2(5 



' *<r> , 



l-2<5 



A 2 (^|) , 1 

a 2 w ieiA fl VA 2 w 



5 A 2 (t| ? |) 

a 2 (r) 



A( S ) 
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exp(-C|^| 2 i?(r,i kC |)) dr 



& W) exp(-C|e| 2 S(r,t k |))) dr 



We can now easily follow the previous reasoning. Therefore, we derive for large frequencies |£| > 
r](s)yl — e 2 and for any t > the estimate 



l*'(M.OI;S 



f A(a) 

U(*iei) 



1-2(5 



6(t) 



exp(-<7|£| 2 i?(M| 5 |)). 



(119) 



6.7. Small frequencies and large frequencies. We are now in position to prove the following 
statement. 

Lemma 5. For any s € [0, oo) and for any t > s let us define 



Q(t,s) := m&x{ri(s), T](t)}yl — e 2 . 

Then the estimates (|110|) - (|112[) hold for any |£| > 0(i, s), whereas for any |£| < 0(i, s), we have the 
following: 



1 



l$(i,s,OI<^yexp(-C'|e| 2 S(t, S )), 



l$'(M,£)l< 



■exp(-C"|Srs(i, S )). 



(120) 
(121) 



b(s)b(t) 

Remark 13. The small frequencies |£| < 9(t, s) are the ones such that (s, £) S ^ e ii(e) or (t, £) S Z G n(e) 
whereas the large frequencies |£| > Q(t,s) are the ones for which both (s,£), (i, £) € IIi 1 yp(e). 
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Proof. The first part of Lemma [5] is trivial since |£| > 0(f, s) means that (s, £) € Zh yp (e) and f < fi^i 
To prove (fl2"0 j) -([T2"T] ) for |£| < 9{t,s) we distinguish three cases: 

(A) \£\ <mzx{r,(s),r,(t)}VT^; 



(B) 77 is decreasing and r](t)y/l — e 2 < |£| < rj(s)y/l — e 2 



(C) 77 is increasing and r](s)y/\ — e 2 < |£| < ?y(f)-\/l e 2 - 

In the case @ the two conditions (H2UJ), (|T2Tj) coincide with (|TU5|) . ([TTB|) . 

Now let 77(f) be a decreasing function. Since 6(r) < |£| < 6(a) for any r < fi£i < a it holds 

exp(-Ci|e| 2 B(t, c ,,«)) + (^J^) ^exp^-diei 2 ^' J-^dr - C 2 6(a) da J d£ 

<exp (-min{C 1 ,C 2 }|£| 2 .B(M) 



So (|120p . (|12ip immediately follows from f|109|> . (j 11 7|) in the case ((B)). Let 7y(t) be an increasing 
function. Since 6(a) < |£| < 6(r) for any r < ii^i < a it holds 



X(s) ^ 



1 -exp(C 2 |?| 2 i?(i| C |, S )) =exp(-C^\ 2 b(r)dr-C 2 J^ ^) <M <% 



^exp^-minld.Ca}^! 2 ^^^) 

Then (fT2Uj) . (fT^Tjl follows from ([TTT|) . ([TTO)) by using 6(s) < |£| in the case (0. □ 

6.8. Matsumura-type estimates. In order to estimate the L 2 norm of d\d^^(t, s, x) *( x ) g(s,x) 
for / = 0, 1 and for any |a| > we follow the ideas in [M] and we distinguish between small and large 
frequencies. We fix t £ [s,oo). 

Lemma 6. The following estimate holds for large frequencies |£| > O = 0(f , s): 

|||£| W d t %, s, -Ms, -)\\» mw < (^|) 1 ' Us, ■)ll^-i + ,-xi + (122) 

for I — 0, 1 and for any \a\ > 0, where [x] + denotes the positive part of x. 
Proof. First, let |a| + I > 1. We can estimate 

ni^i |Q!| a|8(t, s , -)iu ?l4l > e> < ni^r-'^ct, s , •)iu^ 1 > e> iii^i |o;|+z - 1 ^ 5 oiu-^^^ 

for any \a\ + I > 1 since |£| < (£). The second term can be estimated by \\g(s, •)\\h\"\+'-' 1 - Thanks to 
the estimates (|110[) . (|112[) . namely 

|ai$(t ) * ) Ol^ier 1+I (A(«)/A(t)) 1 - a4 , 

we get a decay uniformly in |£| > which is given by 



U(*) 



l-2<5 / „t 

= cxp I -(1/2-5) / 6(t)oY 



Now let |a| = I = 0. If ?/oo > 0, then 0(f, s) > C — ?/oo Vl — £ 2 > for any s, t, and we can follow the 
reasoning above since ~ (£) uniformly in |£| > C. Otherwise, if 77(f) — > 0, then after recalling 
that 6(s) < |£| for large frequencies we can estimate 



1-25 



H%v)^-)IU^ e <^y(^|) \W,-)h 



This completes the proof. □ 
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Remark 14. If 77(f) — > rj^ > 0, or if we are interested into an estimate for s £ [0,5*] and t > s for 
some fixed S > 0, then 0(f , s) is uniformly bounded by a positive constant. Therefore (see the proof 
of Lemma|6]), we can replace ||<7(s, ■)II.h'[|«I+i-i] + in the estimate (|122[) by ||<7(s,-)||#|c<i+!-i, that is, by 
\\g(s, Oll-ff- 1 m the case \a\ = I = 0. 

In particular, this is possible if we are only interested in estimates for s = 0. This explains the 
difference in the regularity of the initial data (0,g(s, ■)) if we compare (Tj"2"j) (L m n if -1 regularity) 
and (J37J (L m n 1? regularity). 

Lemma 7. The following estimate holds for small frequencies |£| < O = 0(f, s): 

|||e| |o!| ^S(*, S ,-)p(^-)IU ?le| < e> < ^y(S(t, S )6(t))- i ( J B(t, S ))-^ i -^C^-i)|| 5 ( S ,-)IU- (123) 
for I = 0, 1 arid /or a??,?/ \a\ > 0. 

Proof. Let m' and p be defined by 1/m + 1/m' = 1 and l/p + 1/m' = 1/2, that is, 1/p = 1/m — 1/2. 
We can estimate 

We can control \\g(s, £)\\ L m' by llff( s > ')IU m - So we have to control the LP norm of the multiplier. 
Thanks to ([HQ]) . (fT2T|) we can estimate 

|| |CI |Q| ^$(f, s, OL* |<ot < 77 * v ( / |£|*<W +2, > exp ( - Cp\Z\ 2 B(t, s)) de j " . 

{i«i<e } b(s)(b{t)Y \J m <e } J 

Let p = Cp|£| 2 i?(f, s). After a change of variables to spherical harmonics (the term p n ~ x appears) we 
conclude 

/ |e| P (|Q|+2 ' ) exp ( - Cp\^B(t, S)) < (B(t, fl ))-(p(|a|+20+n)/2 /"°° ^(M+MJ+n-lg-p 

We remark that the case G(f, s) — > 00 brings no additional difficulties. The integral is bounded and 
we get a decay given by 

_i_(B(t, a ))-l-l/a-'-n/(ap) = J-(S(f )S )6(f))- i (B(f, S ))- i S i -f(^-*). (124) 
6(s)(6(f))< 6(s) 

The proof is finished. □ 

One can easily check that the decay function given in (|123|) is worst than the one in (|122|) . Therefore, 
gluing together (|122[) and (|123[) , we derive (p?3"|). This concludes the proof of Theorem [31 



7. Generalizations and improvements 

7.1. Admissible damping terms. We may include oscillations in the damping term b(i)ut if we 
replace Hypotheses [1] and [5] by the following. 

Hypothesis 4. We assume that b — 6(f) satisfies the conditions (|I))- (jm) - ([rvT) -([v]') in Hypothesis [TJ 
Moreover, we assume the existence of an admissible shape function 77 : [0, 00) — > [0, 00) such that 



and 77 e C 1 , 77(f) > 0, monotone, and trj(t) 4 00 as ( 4 00. Finally, it satisfies (|15[) . that is, 
W(t) — fnrj{t) for some m € [0, 1). 

Then the statements of Theorem [3J and Theorems [1] and [5] are still valid. 
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Remark 15. Let us assume that we have a life-span estimate for the local solution to |T]), which 
guarantees that T m (e) — > oo as e — > 0, where T m = T m (e) G (0, oo] is the maximal existence time (see 
Lemma [T]). Then condition (|15[) in Hypothesis [2] can be weakened to 

J:=limsup^W <1, (125) 

t-J-oo W) 

that is, it holds 

tri'(t)/r)(t) < m < 1, i > f (126) 
for some to > 0, where we take m G (I, 1). Indeed, there exists ei(to) > such that T m (e) > 2to for 
any e G (0, ei(io)], an d this allow us to rewrite the proof of Theorems Q] and [5] starting from to- 

7.2. Semi-linear damped wave equation with small data in L m n if . An intermediate case 
between the I? framework in |NOj and the L 1 context in |IMNj has been studied in |IOj . For initial 
data in A m ,i, the authors find the critical exponent p(n, to) = 1 + (2m) /n for n < 6, for any m G (1, 2) 
if n = 1, 2 and for suitable to G [to, to) if 3 < n < 6. 

If we consider data (uo, "i) G A m ,i, for some to G (1, 2), then we can follow |IOj to extend Theorem[5J 
The range of admissible exponents for the nonlinear term will also depend on the choice of m G (1,2). 

Appendix A. Gagliardo - Nirenberg inequality 

Here we state some Gagliardo-Nirenberg type inequalities which come into play in the proofs of 
Theorems □ and [U 

Lemma 8 (Gagliardo-Nirenberg inequality, see Theorem 9.3 in [Ft], Part 1). Let j, to G N with j < m, 
and let u G C" l (M. n ), i.e. u G C m with compact support. Let a G \j /m, 1], and let p,q,r in [l,oo] be 
such that 

Then 

provided that 



j = m o (1 - a). 

q \ r / p 

\D j u\\ L « < C m , p , r . a \\D m u\\ a Lr \\uf L - a (127) 
(m-^)-j^N, (128) 



i.e. n/r > m — j or n/r SjL N. If (|128p is not satisfied, then (|127l) holds provided that a G [j/m, 1). 
Remark 16. If j = 0, to = 1 and r = p = 2, then (|127p reduces to 



where 9(q) is given from 



H\l« < HVuH^ hW 1 ^, (129) 



i = (1 - 77) "%)) = %) (130) 



9 



that is, 0(q) is as in (|6"8")l . It is clear that 0(g) > if and only if q > 2. Analogously 6(q) < 1 if and 
only if 

2n 

cithern = 1,2 or q < 2* := . (131) 

n — 2 

Applying a density argument the inequality (|129[) holds for any u G H . Assuming q < oo the 
condition (|128[) can be neglected also for n = 2. Summarizing the estimate (|129[) holds for any finite 
g > 2 if n = 1, 2 and for any q G [2, 2*] if n > 3. 

In weighted spaces \ we can derive the following statements: 

Lemma 9. Let q > 2 be such that (|131[) holds, and let 9(q) be as in (|130[) . We /iave i/ie following 
properties for any a G [0, 1] and t > 0: 

(%) Lei tp >0. If v G i/ien w G /or j = 0, 1 one has 

|| e ^(t.-)v^(t,.)|| 2 < llV^H^IIe^^-V^^-)^- 
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(ii) Let Aip > 0. Ifve H^, then e^'h e H 1 and 

\Me^*^v)\\ 3 < || e *^C*,-)vt;||2. 

(Hi) Let Aip>0. IfveH^, then 

(iv) Let ip > such that inf xS Hn Aip(t,x) =: C(t) > 0. Then 

\\e^^v\\ Lq < (C^y^We^^Vvh. 

Proof. The statement (ji]) is trivial for a — and requires only Holder's inequality for a 6 (0, 1]. The 
property ((n]) is obtained by integration by parts, see Lemma 2.3 in [IT] . For (|m]) one combines (|n]) 
with a Gagliardo-Nirenberg inequality (Lemma [5]). For (fry)) one combines (|uij) with integration by 
parts used in proving ((Ii]). □ 
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